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$.$ .
(1) $\mathrm{n}$
$f_{i}(x)\leq c$ $(i=1,2, \ldots, n)$
.
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Fan . $X,$ $Y$
, $F$ $X\mathrm{x}Y$ . , $F(x, y)$ 1
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convexlike , $x_{1}.’ x_{2}.\in X$ $\alpha(0.\leq..\alpha\leq 1)..\text{ }$ , $x_{0}\in X$
,
$F(x_{0,y})\leq aF(X_{1}, y)+(1-\alpha)F(x_{2,y)}$ $(\forall y\in Y)$
. concavelike
$F(x_{0,y)}\geq\alpha F(X_{1y)+(1-},\alpha)F(x_{2}, y)$ $(\forall.y\in Y)$
. A $\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{m}_{\dot{\mathrm{C}}}\iota\lambda$
.
1.1. $X$ , $Y$
. $F$ $X\mathrm{x}Y$ (1) (2) .
(1) $y\in Y$ , $x$ $F(x, y)$ ;
(2) $F(x, y)$ 2 concavelike .
,
$\sup_{y\in Y}\min_{x\in X}F(x, y)=\min_{Xx\in j}\sup_{/\in Y}F(_{X.y)}’$ .
.
$c= \sup_{\in yY}\min_{\mathrm{Y}x\in \mathrm{r}}F(x, y)$ , $\{y_{1}, y2, \ldots, yn\}$ $Y$ .
$\sum_{i=1}^{n}\alpha_{i}=1$ $\mathrm{n}$ $\{\alpha_{i}\}_{i=1}^{n}$ , (2) $y_{0}\in Y$
$\sum_{i=1}\alpha_{i}F(x, y_{i})\leq F(x, y\mathrm{o})$
$(\forall x\in X)$
. $y0$ ,
$c= \sup \mathrm{n}1\mathrm{i}\mathrm{n}F(X, y)y\in Y^{x}\in x$
$F(x_{0\cdot y0},)\leq c$ $x_{0}\in X$
. , $\sum_{i=1}^{n}\alpha_{i}=1$ $\{\alpha_{i}\}_{i1}^{n}=$
$\sum_{i=1}^{n}\alpha_{i}F(_{X_{0}}, yi)\leq F(_{X_{0\mathrm{e}}}.y0)\leq c$
$x_{0}\in X$ . A(Fan )
$\bigcap_{i=1}\{_{X:F(}X, yi)\leq c\}\neq\Phi$
. $X$




$\min_{x\in X}\sup_{\gamma/\in Y}F(X, y)\leq C$
$c= \sup_{y\in Y}\min F(x, y)x\in X\geq\min_{x\in Xy}\sup_{Y\in}F(_{X}, y)$
.
$\sup_{\mathit{1}/\in\gamma}\min_{z\mathrm{Y}}x\in F(_{X,y})=\min_{xx\in y}\sup_{Y\in}F(_{X,y)}$ .
12. $X$ , $fi,$ $f_{2}$ , .. . , $f_{n}$ $X$ . $I=\{1,2, \ldots, n\}$
) $X\cross I$ $F$
$F(x, i)=f_{i}(x)$ $(\forall i\in I, x\in X)$
. , $F$ 1 convexlike , $c\in R$ . ,
$\sum_{i=1}^{n}\alpha_{i}=1$ $\mathrm{n}$ $\{\alpha_{i}\}_{i=1}^{n}$ , : .,
$\sum_{i=1}^{n}\alpha ifi(_{X_{0}})\leq c$
$x_{0}\in X$ ,
$\inf_{x\in}$ $\max_{i}f_{i}(x)\leq c$ .
.
$Y= \{\alpha=(\alpha_{1}, \alpha_{2}, \ldots, \alpha_{n}) : \alpha_{i}\geq 0, \sum_{1i=}\alpha i=1\}$
$f(x, \alpha)=\sum_{i=1}\alpha_{i}fi(_{X})$
$(\forall x\in x, \alpha=(\alpha_{1}, \alpha_{2}, \ldots, \alpha_{n})\in Y’)$
. , $f$ 1 convexlike . $F(x, i)=f_{i}(x)$ 1
convexlike $a+b=1$ $a,$ $b\geq 0$ $x,$ $y\in X$
a$f(x, \alpha)+bf(y, \alpha)$ $=$
$\sum_{i=1}\alpha_{i}$ {a $f_{i}(X)+bfi(y)$ }
$\geq\sum_{i=1}\alpha_{i}fi(z)$
$=$ $f(z, \alpha)$ $(\forall\alpha\in Y)$
$z\in X$ . 1.1
$\inf_{x\in}$
$\max_{\mathrm{v}\alpha\in},$ $f(x, \alpha)=\max_{\alpha\in Yx}\inf_{\mathrm{Y}\in}.f(X, \alpha)\leq c$
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. $f(x, \alpha)=\sum_{i=1}^{n}\alpha if_{i}(x)$
$\inf_{x\in}$ $\max_{i}$. $f_{i}(x)\leq c$ .
A , $f_{i}$ $(-\infty, \infty]$ .
.
13. $X$ $Y$ . $\beta$ $X$ $[0, \infty)$ , $f$
$Y$ $(-\infty, \infty]$ . ,
$(\beta\cdot f)(_{X,y})=\beta(x)f(y)(\forall x\in X, y\in Y)$
$X\cross Y$ $\beta\cdot f$ .
14. $X$ . $fi,$ $f_{2},$ $\ldots,$ $f_{n}$ $X$
$(-\infty, \infty]$ . , .
(1)





. (1) (2) . (2) $\Rightarrow(1)$ .
$A= \bigcap_{i=1}\{_{X}\in X : f_{i}(x)<\infty\}$
. $\alpha_{i}=\frac{1}{n}(i=1,2, \ldots, n)$ , (2) $\frac{1}{n}\sum_{i=1}^{n}f_{i}(x)\leq 0$ $x\in X$
. $x\in A$ . $A$ .
$Y= \{\alpha=(\alpha 1, \alpha_{2}, \ldots, \alpha_{n}) : \alpha_{i}\geq 0, \sum_{i=1}\alpha_{i}=1\}$
, $F:X\mathrm{x}Yarrow R$
$F(x, \alpha)=\sum_{i=1}\alpha_{i}f_{i}(X)$
$(\forall x\in X, \alpha\in\}’)$
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. ,
$\inf_{x\in}$ $\max_{\alpha}F(x, \alpha)=\max_{\alpha x}\inf_{\in\angle 1}F(x, a)$
. 14 , $\sum_{i=\iota}^{n}\alpha_{i}=1$ $\{\alpha_{i}\}_{i=1}^{n}$
$\sum_{i=1}^{n}\alpha_{i}.f_{i}(X)\leq 0$
$x\in A$ . $X$ 1.3
.
$\inf_{x\in}$ $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{x}f_{i}i(x)\leq\inf_{x\in_{d}}$ $\max_{\alpha}F(x_{J}.\alpha)\leq x.\in 4\inf_{\wedge}\mathrm{n}1\dot{C}\iota\lambda\alpha F(x, \alpha)\leq 0$
,
$f_{i}(_{X0})\leq 0$ $(i=1,2, \ldots, n)$
$x_{0}\in X$ .
, $A$ $f_{i}$ .
15. $X$ , $F$ .
$F$ . $G$ $X$ $F$ , $\varphi\in F_{+}^{*}$ ,
$g(x)=(G(x), \varphi)(x\in X)$
$g$ . , $F_{+}^{*}$ $F_{+}$ polar cone .
, (1) (2) .
(1) $G(x)\leq 0$ $x\in X$ ;
(2) $\varphi\in F_{+}^{*}$ , $(G(y), \iota\rho\gamma)\leq 0$ $y\in X$ .
$X\cross F_{+}^{*}$





$F(X)=$ { $-\varphi^{1}\neq \mathrm{A}_{0}^{\vee}\subset X_{t},\mathrm{X}_{0}-$ }
.
21(Simons). $X,$ $Y$ , $f,$ $g$ $X\mathrm{x}Y$ ,
(1), (2), (3) .
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(1) $f.(x, y)\leq g(x, y)$ $(^{\forall}(x, y)\in X\cross\}r)\backslash \cdot$
(2) $f$ 2 convexlike ;
(3) $g$ 1 concavelike .
, (i), (ii), (iii) .
(i) $arrow 1_{/}’0\in F(X)$ , $Y_{0}\in F(Y)$




inf $g(x, y)>-\infty$ , $J\mathrm{Y}_{0}\in F(X)$
$\inf_{y\in}$ $\mathrm{m}\mathrm{a}\mathrm{a}\mathrm{x}fx\in\prime \mathrm{Y}0(x,$ $y \mathrm{I}\leq\sup_{x\in\vee \mathrm{Y}y}\inf_{Y\in}g(x, y)$ ;
(iii) $Y$ , $f$ 2
$\min_{y\in Y}\sup_{x\in_{I\mathrm{Y}}}f(X, y)\leq\sup_{s\in.\mathrm{Y}}\inf_{y\in}$
$g(x, y)$ .
(i) $x \in \mathrm{v}^{\gamma}J\sup_{\prime}\mathrm{n}\mathrm{u}\mathrm{i}\mathrm{n}\in Y_{0}g(x, y)=c$ ’ $X_{0}=\iota x_{1},$ $x_{2},$ $\ldots,$ $x_{n}$ } . ’ $\sum_{i=\iota}^{n}\alpha_{i}=1$
$\{\alpha_{i}\}_{i=1}^{n}$
$\sum_{i=1}^{n}\alpha_{i}f(xi, y)\leq\sum_{i=1}^{n}\alpha_{i}g(xi, y)\leq g(_{X_{0,}}.y)(^{\forall}y\in\}’)$
$x_{0}\in X$ . $g(X0, y_{1})\leq c$ $y_{1}\in\}_{0}’$
$\sum_{i=1}\alpha_{i}f(x_{iy_{\mathrm{t}}},)\leq c$
. 12
$\inf_{y\in}$ $\mathrm{n}\mathrm{l}\mathrm{a}4x\in\lrcorner \mathrm{x}:\mathrm{x}0f(X, y)\leq c=\sup_{x\in.\mathrm{Y}}\mathrm{n}1\mathrm{i}1/\in Y\mathrm{n}_{0}g(x, y)$
.
(ii) $\sup_{x\in \mathrm{Y}y}.\mathrm{m}\mathrm{i}\iota\in Y1g(x, y)=c$ , $\epsilon>0$ . $\lambda_{0}’=\{x_{1,}.x_{\underline{9}}, -\cdot. , x_{n}\}$ $n$
$\{\alpha_{i}\}_{i=1}^{n}$ $\sum_{i=1}^{n}\alpha_{i}=1$ , (i)
$\sum_{i=1}\alpha if(_{X,y\iota}i)\leq c+\epsilon$
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$y_{1}\in Y$ . 12
$/\tau\in \mathrm{i}\mathrm{I}\mathrm{l}\mathrm{f}$ $\max_{\prime}x\in \mathrm{Y}0f(X, y)\leq c=\sup_{x\in.\mathrm{Y}/}\mathrm{i}_{\mathrm{I}}\mathrm{l}1\in \mathrm{f}$
$g(x, y)$ .
(iii) $\lambda_{0}^{r}$ , $\mathrm{m}\max_{\prime \mathrm{Y}_{0}}t(x., y)$ . $Y$
$\sup_{x\in.\mathrm{Y}}\inf_{Y\tau/\in}g(x, y)=C$ ’ $\max_{x\in_{\mathrm{z}}^{\mathrm{v}}0}f(x., y0)\leq c$
$y_{0}\in Y$ .
$\backslash$
$\cap\{y\in Y;\mathit{1}^{\cdot}(X, y)\leq c\}\neq-$ .
$x\in X$
,
$\min_{y\in Y}\sup_{x\in X}f(X, y)\leq c=\sup_{x\in_{x}\mathrm{Y}y}\inf g(\in Yx, y)$ .
A .
. .
$S$ semitopological ( $S=\{0,1,2..\}\ovalbox{\tt\small REJECT}.$. $S=[0,$ $\infty$ ) ) , $B(S)$
$S$ Banach . $X$ 1 $e$
$B(S)$ . $\mu\in X^{*}$ $||\mu||=1=\mu(e)$ , $\mu$ $X$ mean
. $\mu\in X^{*}$ $X$ mean ,
$\inf\{f(s) : S\in S\}\leq\mu(f)\leq\sup\{f(s) : s\in S\}\sim(\forall f\in X)$
. $X$ \mu 4
, $X$ submean .
(i) $\mu(f+g)\leq\mu(f)+\mu(g)$ $(\forall t., g\in X)$ ;
(ii) $\mu(\alpha f)=\alpha\mu(f)$ $(\forall f\in X, \alpha\geq 0)$ ;
(iii) $f\leq g$ $(f, g\in X)\Rightarrow\mu(f)\leq\mu(g)$ ;
(iv) constant $c$ $\mu(c)=c$ .
, $X$ mean $X$ submean . $\mu(f)=\sup f(S)$ $X$
$s\in S$
$X$ submean . submean Mizoguchi-Takahashi
[9] . $X$ submean $\mu$ $f\in X$ , $\mu(f)$ $\mu_{t}(f(t))$
. $s\in S$ $f\in B(S)$ , $B(S)$ $\ell_{s}^{\ovalbox{\tt\small REJECT}}f$ $r_{s}f$
$(\ell_{s}f)(t)=f(s\iota)$ , $(r_{S}t.)(\theta)=f(t_{S})$ $(\forall t\in S)$
. $X$ $B(S)$ subspace , $e\in X,$ $\ell^{\ovalbox{\tt\small REJECT}_{S}}(x)\subset X(\forall s\in S)$ .
$X$ submean $\mu$




, $t$ } $X$ left invariant . $X$ left invariant mean
$X$ left invariant submean , semitopological left reversible






$\mu$ $X$ left invariant submean .
$S$ semitopological , $C$ Banach $E$ .
, $C$ , $C$ $S=\{T_{s} : s\in S\}$ 3
$C$, nonexpansive .
(i) $T_{st}x=\tau_{s}\tau_{t}X$ $(\forall s, t\in S, x\in C)$ ;
(ii) $x\in C$ , $s\vdasharrow\tau_{S}x$ ;
(iii) $s\in S$ ,
$||T_{s^{X-}}T_{s}y||\leq||X-y||$ $(\forall x, y\in C)$
.
$C$ nonexpansive $S=\{T_{s} : s\in S\}$ , $F(S)$ $T_{s}(s \in S)$
. semitopological $S$ . $C(S)$ $S$
Banach , $RUC(S)$ $S$ $C(S)$ closed
subalgebra . ,
$RUC(S)=$ { $f\in C(S)$ : $s\mapsto r_{s}f$ }
. A , nonexpansive .
22. $S$ semitopological , $C$ Banach $E$
. $S=\{T_{s} : s\in S\}$ C. nonexpansive , $RUC(S)$
left invariant submean . $F(S)$ . ,
$T_{s^{Z=}}z$ $(\forall s\in S)$
$T_{s}(s\in S)$ $z\in C$ .
, A .
23 Banach $E$ $C$ ,
$C$ , $c>0$
$||_{X_{\mathit{7}l}}-X_{rn}||\leq c$ , $||X_{n}+1- \overline{x}_{n}||\geq c-\frac{1}{\prime\iota^{2}}$ $(\forall\dagger l\geq 1, n\iota\geq 1)$
$\{x_{n}\}$ . , $\overline{x}_{n}=\frac{1}{7l}\sum_{i=\mathrm{t}}^{7l}x_{i}$ .
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22 $x,$ $y\in C$ ,
$h(t)=||\tau_{t}x-y||$ $(\forall t\in S)$
$h$ $RUC(S)$ . $U$
$U=$ { $M\subset C$ : $M\neq\phi$ , , , $T_{s}(M)\subset M(\forall s\in S)$ }
, $U$ $I\mathrm{c}^{-}$ . $K$ $\delta(K)>0$
, $\mu$ $RUC(S)$ left invariant submean . , $x\in K$ )
$A_{x}= \{z\in K:\mu_{\ell}||T_{t^{X-}}Z||=\min_{?/\in I\mathrm{i}}\mu_{t}\sim||T_{t^{X}}-y||\}$
$A_{x}$ , , $T_{s}-$ . $K$ $A_{x}=K$
. $\epsilon>0$ $\sigma=\{x_{1}, x_{2}, \ldots, x_{n}\}\subset K$ ,
$h_{i}(u)=||u-X_{i}||(^{\forall}u\in K, i=1,2, \ldots, n)$
. $A$
$D_{\sigma}=\{z\in K:h_{i}(z)\leq\rho 0+r\vee(i=1,2, \ldots, n)\}\neq\phi$
.
$\rho_{0y\in}=\min_{\ovalbox{\tt\small REJECT}}\kappa\mu_{t}||T_{i}x-y||$ . , $A_{x}=,.\mathrm{A}’-arrow-$ $\mu_{t}||T_{\ell^{X-x}i}||=\rho_{0}$
. \mbox{\boldmath $\lambda$}, $\geq 0,$ $\sum_{i=1}\lambda_{i}=1$ $\{\lambda_{i}\}$ ,
$\mu_{\ell}(\sum^{n}i=1\lambda i||\tau_{\iota^{X}i}-x||)$ $\leq$ $\sum_{i=1}^{n}\lambda_{i}\mu\ell||\tau\ell^{x}-Xi||$
$=$ $\rho_{0}<\rho_{0}+\epsilon$





$D=\{z\in K : ||X-z||\leq\rho_{0}+\epsilon(^{\forall_{X}}\in K)\}\neq\varphi’$
.
$\rho_{0}$ $=$










, , $x,$ $.y\in I\mathrm{i}$’
$\rho 0=\mu_{\ell}||T_{\ell}x-y||$
. $\mu$
$||x_{n}-X_{m}||\leq\rho_{0}$ , $||_{X_{n+\iota}}- \overline{X_{n}}||\geq\rho_{0}-\frac{1}{n^{2}}$
$K$ $\{x_{n}\}$ . 23 $K$
.
22 Lim [8] Takahashi-Jeong [21]
. , 1 $\mathrm{r}_{\mathrm{F}\mathrm{i}}\mathrm{X}\mathrm{e}\mathrm{d}$ Point Theory and Applications (
) , 1 , .
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